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This  r e p o r t  d e s c r i b e s  a method f o r  c a l c u l a t i n g  minimum 
and cons t an t  i n j e c t i o n  energy, C s ,  values  f o r  conic  i n t e r -  
p l a n e t a r y  t r a j e c t o r i e s .  The p l a n e t s  are assumed t o  move 
on mutua l ly  i n c l i n e d  e l l i p t i c a l  o r b i t s  about  t he  sun. . 
Lambert 's  theorem i s  used t o  s o l v e  t h e  t ime-cons t r a in t  on 
the  two-point boundary value problem, and a n  i t e r a t i v e  
procedure,  wi th  a r r i v a l  date '  as t h e  i s o l a t i o n  parameter,  
i s  used t o  determine t h e  d e s i r e d  C,.  

Typica l  r e s u l t s  rare presented  f o r  Earth t o  J u p i t e r  
t r a j e c t o r i e s  i n  t h e  1970-71 launch pe r iod .  The comparisons 
made wi th  p r e v i o u s l y  used methods i n d i c a t e  t h e  procedures 
desc r ibed  i n  t h e  r e p o r t  produce r e s u l t s  of comparable 
accuracy ,  wi th  a s a v i n g s i n  computation t i m e .  
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TECHNICAL MEMORANDUM X-53319 

C O N I C  SOLUTIONS TO TKE INTERPLANETARY TRANSFER PROBLEM 

WITH CONSTANT OR M I N I M U M  - INJECTION ENERGY 

SUMMARY 

The procedures  for c a l c u l a t i n g  cons t an t  and minimum 
i n j e c t i o n  energy, C3,  s o l u t i o n s  t o  t h e  t ime-cons t ra ined  
tw@-point boundary va lue  problem 'of i n t e r p l a n e t a r y  f l i g h t  
are p resen ted .  The boundary va lues ,  p o s i t i o n  and v e l o c i t y  
of the launch  p l a n e t  a t  launch t i m e  and t a r g e t  p l a n e t  a t  
a r r i v a l  t i m e ,  are determined us ing  mean e l l i p t i c a l  e lements  
t o  d e s c r i b e  the  p a t h  of t h e  p l a n e t s .  The t ime-cons t r a in t  
on the  problem i s  so lved  using a modified form of Lambert ' s  
theorem. The d e s i r e d  i n j e c t i o n  energy i s  then  determined 
u s i n g  an i t , e r a t i v e  procedure w i t h  a r r i v a l  p o s i t i o n  as an  
i s o l a t i o n  parameter.  The methods used t o  a s s u r e  t h e  com- 
p u t a t i o n  of proper  type and class t r a j e c t o r y  are desc r ibed .  

Curves are inc luded  showing minimum and c o n s t a n t  C, 
for t r a j e c t o r i e s  from Earth t o  J u p i t e r  i n  the 1970-71 syn- 
o d i c  pe r iod  w i t h  f l i g h t  t i m e ,  c e n t r a l  ang le ,  i n c l i n a t i o n  
of' t r a n s f e r  plane,  r i g h t  ascens ion  of launch asymptote,  
d e c l i n a t i o n  o f  launch asymptote, and a r r i v a l  energy as 
dependent v a r i a b l e s  w i t h  launch d a t e  as independent v a r i -  
a b l e .  A d i s c u s s i o n  of t he  modi f ica t ion  r e q u i r e d  t o  s o l v e  
o t h e r  i n t e r p l a n e t a r y  problems of  c u r r e n t  i n t e r e s t  i s  a l s o  
inc luded .  A d e t a i l e d  comparison of the computer program 
u t i l i z i n g  t h e s e  procedures  with o t h e r  methods i n  use i n d i -  
c a t e s  the accuracy i s  t h e  same, bu t  t h i s  method uses  
cons ide rab ly  less  computer t i m e .  

SECTION I. INTRODUCTION 

The b a s i c  problem presented  i n  t h i s  r e p o r t  i s  the  
t ime-cons t ra ined  two-point boundary va lue  problem of ca lcu-  
Isti~g the t r a j e c t o r y  which under t h e  i n f l u e n c e  of on ly  t h e  
s u n ' s  g r a v i t a t i o n a l  f o r c e  connects t h e  p o s i t i o n  of' the  
launch  p l a n e t  a t  launch time t o  the p o s i t i o n  of the a r r i v a l  
p l a n e t  a t  a r r i v a l  t i m e .  The methods used t o  s o l v e  t h i s  
problem d i f f e r  only  s i i g n t i y  r ~ u i  tXosz ;sed I:: e . s r l i e r  
work [ 2 , 3 ] ;  however, the  way i n  which t h e  s o l u t i o n s  are 



, 

presented  and t h e  way t h e  s o l u t i o n s  are used to advantage 
i n  so lv ing  a d d i t i o n a l  problems are unique. 

The p l a n e t a r y  o r b i t s  are r ep resen ted  by i n c l i n e d  
e l l i p t i c a l  o r b i t s ,  and a form of Lambert ' s  theorem [ g ]  is  
used t o  so lve  t h e  t ime-cons t r a in t .  After  the conic  t r a n s f e r  
t r a j e c t o r y  i s  determined, the i n j e c t i o n  energy is  c a l c u l a t e d  
i n  terms of the  impulsive v e l o c i t y  increment r equ i r ed  to g e t  
from the p l a n e t a r y  o r b i t  to the  t r a n s f e r  o r b i t .  The o b j e c t  
of t h e  procedure to be d i scussed  i s  to o b t a i n  a t r a j e c t o r y  
r e q u i r i n g  a given i n j e c t i o n  energy. The p o s i t i o n  of t h e  
t a r g e t  p l ane t  a t  a r r i v a l  i s  v a r i e d  as an i s o l a t i o n  parameter 
to ob ta in  the d e s i r e d  i n j e c t i o n  energy. Normally, i t  i s  
d e s i r a b l e  t o  s o l v e  the  problem over  a range of launch d a t e s ,  
and i t  i s  p o s s i b l e  t o  use t h e  r e s u l t s  of each launch d a t e  
as a basis t o  e x t r a p o l a t e  t h e  f i r s t  guess to the  s o l u t i o n  
a t  the next launch d a t e .  

A b r ie f  d i scuss ion  of  t h e  modi f ica t ions  which must be  
made t o  t h e  procedure i n  o r d e r  to s o l v e  a d d i t i o n a l  problems 
of cu r ren t  i n t e r e s t  i s  a l s o  inc luded .  It i s  f e l t  tha t  t h e  
main advantages of t h e  procedures presented  are speed, high 
v e r s a t i l i t y ,  and a b k l i t y  to s o l v e  the  problem i n  terms of 
i n j e c t i o n  energy. Comparisons w i t h  some o t h e r  procedures  
w i l l  be made to emphasize these p o i n t s .  

The d e s c r i p t i o n  of t h e  problem and t h e  methods used 
to s o l v e  it w i l l ,  as much as p o s s i b l e ,  be made without  the 
use of mathematical equat ions .  However, a complete l i s t  
of t he  equat ions  used t o  s o l v e  t h i s  problem and an i n d i c a t i o n  
of how they  were obta ined  w i l l  be found i n  t he  Appendix. 

SECTION 11. PLANETARY COORDINATES 

It i s  d e s i r a b l e  to d e s i g n a t e  the launch da te ;  and 
t h e r e f o r e ,  it i s  necessary  t o  have some method of de te rmining  
t h e  p l a n e t ' s  p o s i t i o n s  and v e l o c i t i e s  as a f u n c t i o n  of t i m e .  
The most accu ra t e  method used involves  i n t e r p o l a t i o n  between 
va lues  i n  an ephemeris [3,4]. However, a method which i s  
s u f f i c i e n t l y  a c c u r a t e  f o r  t h e  conic  t r a n s f e r ,  and a g r e a t  
d e a l  f a s t e r ,  involves  the use of mean conic  e lements  f o r  
t h e  p l a n e t a r y  o r b i t s  [2,4]. 

It i s  necessa ry  to have f i v e  elements  f o r  each p l a n e t .  
The Ones chosen are t i m e  a t  p e r i h e l i o n  ( tp) ,  semi-major axis ( a ) ,  
e c c e n t r i c i t y  ( e ) ,  i n c l i n a t i o n  (i) of l aunch  p l a n e t ' s  o r b i t a l  
p lane  to t h a t  of the t a r g e t  p l a n e t ,  and t h e  t r u e  anomaly of 
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t h e  ascending node ( w )  of each p l a n e t  w i t h  r e s p e c t  to t h e  
o t h e r .  From t h e s e  f i v e  b a s i c  e lements ,  a l l  a d d i t i o n a l  
h e l i o c e n t r i c  cons t an t s  which may be r equ i r ed  can be determined. 

SECTION 111. INTERPLANETARY TRAJECTORY 

Once t h e  p o s i t i o n s  o f  the launch and t a r g e t  p l a n e t s  
have been e s t a b l i s h e d ,  t h e  problem i s  to determine i f  t h e r e  
exis ts  an e l l i p t i c a l  t r a j e c t o r y  about the sun which w i l l  con- 
n e c t  t h e  two p o i n t s  i n  t h e  requi red  t i m e .  There i s  a one 
parameter fami ly  of e l l i p s e s  which pass  through t h e  two p o i n t s  
wi th  the sun a t  t h e i r  focus .  
counterclockwise f l i g h t  o f  l e s s  t han  360 , at  most one of 
t h e s e  e l l i p s e s  w i l l  have t h e  r e q u i r e d  f l i g h t  t ime. Lambert ' s  
theorem i s  used to s e l e c t  t h e  r e q u i r e d  e l l i p s e .  The o v e r - a l l  
geometry of  t h e  p l a n e t a r y  t r a n s f e r  i s  shown i n  Figure 1. 

Consider ing only  d i r e c t  or 

Lambert ' s  theorem expresses  t h e  t r a n s f e r  t ime, t, as a 
t r a n s c e n d e n t a l  f u n c t i o n  o f  the r a d i u s  to t h e  launch and 
t a r g e t  p l a n e t s  (rs and r k ) ,  the c e n t r a l  angle  of f l i g h t  ( a ) ,  
and t h e  semi-major axis o f  the t r a n s f e r  e l l i p s e  ( a ) .  A 
complete d e s c r i p t i o n  of Lambert 's  theorem and i t s  use  i s  
g iven  by Breakwell [PI; however, t h e  fo l lowing  d e s c r i p t i o n  
should be s u f f i c i e n t  to provide a g e n e r a l  understanding of 
t h e  theorem. To f a c i l i t a t e  t h e  s o l u t i o n  of t h e  problem, 
two parameters  a r e  de f ined .  The f i r s t  parameter,  K, has  
a range of 0 to 1 and depends only  on t h e  p l a n e t a r y  geometry 
( i . e . ,  K = f l ( r s , r k , @ ) ) .  The second parameter,  E, has a 
range of -1 to 0 and depends on t h e  semi-major axis of the 
t r a n s f e r  e l l i p s e  as wel l  as the p l a n e t a r y  geometry ( i . e . ,  
E = f 2 ( r S , r k , @ , a ) ) .  The t r a n s f e r  t ime, t, i s  then  expressed 
as a f u n c t i o n  o f  t h e  two parameters ,  K and E ( i . e . ,  t= f  ( K , E ) ) .  
The f u n c t i o n  f i s  normally expressed i n  terms of i n v e r s e  
t r i gonomet r i c  func t ions ,  but f o r  va lues  of E nea r  0, and t 
small, t r i gonomet r i c  formulat ion i s  n e i t h e r  a c c u r a t e  nor  t h e  
most r a p i d .  
a series formula t ion  f o r  f' is  used. The q u a n t i t y  t b  i s  
expla ined  i n  t h e  fo l lowing  paragraph. 

Thus for E g r e a t e r  than  -.2 and t less than  tb 

P l o t s  of t versus  E f o r  va r ious  va lues  of K a r e  shown 
IR P i g v . ~  2 ;  The m i n i m u m  t i m e  f o r  an e l l i p t i c a l  t r a n s f e r  
i s  t h e  t ime, t a ,  a t  E=O. T r a n s i t  t imes sma l l e r  than  t a  
r e q u i r e  a hyperbol ic  t r a n s f e r .  A s  shown i n  t h e  f i g u r e ,  f o r  
va lues  of K g r e a t e r  than 0, t h e r e  a r e  f o u r  va lues  of t for 
each va lue  of E. 'L'he Following r u l e s  ~ L Y  u5t.G t o  Z e t e m l n z  
which va lue  i s  c o r r e c t  f o r  each problem. Branch 1 i s  used 
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f o r  c e n t r a l  angles  less  than  1800 and Branch 2 f o r  c e n t r a l  
a n g l e s  g r e a t e r  t han  180~. The t i m e ,  t b ,  can be c a l c u l a t e d  
by s e t t i n g  E=-1; then  the  lower p o r t i o n  of the curve i s  
used i f  t is less  than t b  and t h e  upper p o r t i o n  i f  t i s  
g r e a t e r  than t b .  S ince  each p o r t i o n  of t he  curve i s  mono- 
t o n i c ,  a two-point i n t e r p o l a t i o n  scheme can be used by 
provid ing  tha t  i n t e r p o l a t e d  va lues  of E are r e s t r i c t e d  t o  
the range -1 t o  0. The first i n t e r p o l a t i o n  i s  made between 
the p o i n t s  (-1, t b )  and (E , ,  t, ) where E, i s  a f i r s t  guess  
a t  the s o l u t i o n  and t, i s  the a s s o c i a t e d  value of t .  
Henceforth,  the  i n t e r p o l a t i o n  i s  made between the  l a s t  two 
p o i n t s  c a l c u l a t e d  u n t i l  the  c a l c u l a t e d  value of t i s  wi th in  
t he  d e s i r e d  t o l e r a n c e  of t he  a c t u a l  t .  Once t h i s  cond i t ion  
i s  reached, t h e  t r a n s f e r  e l l i p s e  i s  completely determined. 

SECTION IV.  INJECTION ENERGY 

The i n j e c t i o n  energy, C,, i s  the  energy of the launch 
p l a n e t  cen tered  conic .  It can be c a l c u l a t e d  as the  square  
of the  hyperbol ic  excess  v e l o c i t y  v e c t o r  (Vn). T h i s  ve loc-  
i t y  v e c t o r  is  def ined ,  as shown i n  Figure 3, as t h e  d i f f e r -  
ence between the  launch p l a n e t  v e l o c i t y  v e c t o r  (vp)  and the  
v e l o c i t y  on t he  t r a n s f e r  e l l i p s e  a t  launch t i m e  ( v t ) .  Two 
i m p l i c i t  assumptions be ing  made here are tha t  the v e l o c i t y  
a d d i t i o n  i s  impulsive and that  i t  i s  made a t  the c e n t e r  of 
t h e  launch  p l a n e t .  The e r r o r  in t roduced  by these assumptions 
i s  s u f f i c i e n t l y  small f o r  the purpose of t h i s  problem. 

Graphs of var ious  t r a j e c t o r y  parameters  versus  launch  
da te  w i t h  C, as a parameter,  such as those  i n  F igures  1 2  
through 17, have been ve ry  u s e f u l  i n  mission planning pro-  
j e c t s  and i n  p r o j e c t s  i nvo lv ing  g e n e r a l  surveys  of i n t e r -  
p l a n e t a r y  t r a j e c t o r i e s .  Prev ious ly ,  t h e s e  curves were 
gene ra t ed  by running a l a r g e  number of t r a j e c t o r i e s  a t  
d i s c r e t e  i n t e r v a l s  of f l i g h t  t i m e  on each of many launch 
dates. Then the  cons tan t  C, can be e s t ab l i shed  us ing  a 
curve f i t  i n t e r p o l a t i o n  scheme. T h i s  i n t e r p o l a t i o n  must be 
performed on each t r a j e c t o r y  parameter on each launch date.  
It seems, however, t ha t  it i s  more e f f i c i e n t  and desirable  
t o  c a l c u l a t e  these cons tan t  C, curves  d i r e c t l y .  

i n j e c t i o n  energy for a g iven  launch date. The f i rs t  reason 
i s  tha t  minimum i n j e c t i o n  energy could be u s e f u l  i n  accolli- 
p l i s h i n g  a given mission wi th  maximum payload, o r  i n  
p re l imina ry  planning s t a g e s ,  i t  could g i v e  an idea  of t h e  

It i s  i n t e r e s t i n g  and necessary  t o  c a l c u l a t e  t he  minimum 
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a b s o l u t e  minimum energy c h a r a c t e r i s t i c s  r equ i r ed  -of the  
launch v e h i c l e .  The second reason i s  t h a t  i n  o r d e r  to 
c a l c u l a t e  c o n s t a n t  0, values  over  a range of launch d a t e s ,  
i t  i s  necessary  to know first ,  f o r  each of t h e  days, t h a t  
t h e  minimum C, f o r  t h a t  day is  less than  o r  equal  t o  the 
cons t an t  C3 value  being i n v e s t i g a t e d .  A p l o t  of C, versus  
a r r i v a l  planet Is p o s i t i o n  (Bk),  f o r  a given launch d a t e ,  i s  
shown i n  F'i.gure 4. 
The t r a j e c t o r i e s  f o r  c e n t r a l  ang le s  l ess  than  1800 are c a l l e d  
Type I and those  w i t h  a c e n t r a l  ang le  g r e a t e r  t han  1800 are 
c a l l e d  Type I1 [ 3 ] .  Thus, there  i s  a Type I and a Type I1 
minimum. 

A s  shown, there  are two r e l a t i v e  minimums. 

The method used to c a l c u l a t e  t h e  minimum i s  to take a 
first guess  a t  t h e  ek which w i l l  g i v e  the minimum C,. Then 
the  C, corresponding to Bk*A, where A i s  a small increment 
on ek, i s  c a l c u l a t e d .  Next, a parabola  i s  passed through 
t h e s e  three po in t s , and  t h e  minimum p o i n t  on t h i s  parabola  i s  
used as the  next  guess at  Bk. A r e s t r i c t i o n  i s  placed on 8k 
s o  t h a t  it w i l l  provide an e l l i p t i c a l  t r a j e c t o r y  of the  pro- 
p e r  type .  The two lowest of the  last  t h r e e  p o i n t s  p lus  t h e  
new po in t  are aga in  f i t  w i t h  a pa rabo la  to o b t a i n  a b e t t e r  
guess  a t  ek, and t h e  procedure i s  repea ted  u n t i l  t h e  minimum 
i s  obta ined  to a s a t i s f a c t o r y  accuracy.  Once t h e  s o l u t i o n  
i s  obta ined ,  i t  i s  saved for use  i n  e x t r a p o l a t i n g  the  f i r s t  
guess  on ek a t  t h e  next  launch d a t e .  The minimums f o r  
success ive  launch  d a t e s  are c a l c u l a t e d  over  t h e  r equ i r ed  
range of launch d a t e s .  These minimums determine t h e  curves 
shown i n  F igures  5 through 11. 

A s  i n d i c a t e d  above, t h e  launch d a t e  range of cons tan t  
C, curves  i s  determined from the minimum C, curves.  For 
example, i t  might be d e s i r a b l e  to c a l c u l a t e  a Type I 
curve of 100 km2/sec2 f o r  an E a r t h - t o - J u p i t e r  t r a n s i t  i n  
t h e  1971 synodic  per iod .  Refer r ing  to Figure  5; Type I 
t r a j e c t o r i e s  w i t h  a C 3 = 1 0 0  km2/sec2 are a v a i l a b l e  only  
between January 11 and February 28. For launch d a t e s  ou t -  
s i d e  t h i s  range, a h ighe r  C, i s  r equ i r ed .  To i l l u s t r a t e  how 
a p o i n t  on a g iven  C3- curve is  c a l c u l a t e d ,  i t  w i l l  aga in  be 
necessa ry  t o  re fe r  t o  Figure 4 where i t  can be seen  that 
t h e r e  are two p o i n t s  w i t h  a C, of 100 km2/sec2 f o r  each type  
t r a j e c t o r y  a t  the  i n d i c a t e d  launch d a t e .  These two s o l u t i o n s  
are i d e n t i f i e d  as Class I and Class 11, Class I always being 
t h e  t r a j e c t o r y  wi th  the s h o r t e r  f l i g h t  t i m e .  It i s  apparent  
that  t h e  two c l a s s e s  are co inc ident  for t he  minimum C,on any 

which c l a s s  i s  which. If t h e  s l o p e  i s  negat ive ,  the  so lu t io r !  
i s  Class I; if the  s l o p e  i s  p o s i t i v e ,  t h e  s o l u t i o n  i s  Class 11. 

l aunch  d a t e .  nine -. s l o p e  Lilt: c, c-ui:i,-e l a  - , sed  J-- J-+---*-- 
b W  uc ucl. 1 l L ~ l l L  

5 



The method used to i s o l a t e  a g iven  C3 va lue  i s  t o  take a 
f i r s t  guess a t  8k and to c a l c u l a t e  t h e  C, f o r  t h i s  8k and 
f o r  8k+A. Then a l i n e a r  i n t e r p o l a t i o n  scheme i s  used 
between the  las t  two p o i n t s  c a l c u l a t e d  u n t i l  the d e s i r e d  
c3 i s  e s t a b l i s h e d  within t h e  g iven  t o l e r a n c e .  During t h i s  
i t e r a t i o n  the p o i n t s  are r e s t r i c t e d  such tha t  t h e  proper  
type  and class t r a j e c t o r y  w i l l  be computed. Again, the 
s o l u t i o n  from one case  i s  used to e s t a b l i s h  t h e  f i r s t  guess  
a t  the  s o l u t i o n  to t h e  fo l lowing  case .  F igu res  12  through 
17 show t y p i c a l  p l o t s  of launch d a t e  ve r sus  va r ious  dependent 
v a r i a b l e s  f o r  s e v e r a l  C3 va lues .  

SECTION V. RESULTS AND CONCLUSIONS 

Extensive comparisons between t h i s  computer program 
and the JPL and Lockheed programs were made du r ing  the  
development and checkout of t h i s  deck. The JPL program 
used f o r  comparison was t h e i r  H e l i o c e n t r i c  Conic Program [ 3 ]  
which uses  ephemerides to determine t h e  p o s i t i o n s  and ve loc-  
i t i e s  of the p l a n e t s .  It was found t h a t  t h i s  deck r e q u i r e s  
about  one second t o  compute each i n t e r p l a n e t a r y  t r a j e c t o r y .  
The Lockheed program used f o r  comparison was t h e i r  Medium- 
Accuracy I n t e r p l a n e t a r y  T r a n s f e r  Program [2] which uses  
mean conic  e lements  of the p l a n e t s  to determine t h e  p l a n e t s '  
p o s i t i o n s  and v e l o c i t i e s .  It was found tha t  t h i s  program 
r e q u i r e s  about .1 second f o r  each i n t e r p l a n e t a r y  t r a j e c t o r y .  
Table  1 summarizes t h e  d e v i a t i o n  of n ine  parameters  f o r  100 
a r b i t r a r i l y  chosen t r a j e c t o r i e s  from Ear th  t o  Venus, Mars, 
and J u p i t e r .  The o n l y  r e s t r i c t i o n  p laced  on t h e s e  t r a j e c -  
t o r i e s  was tha t  the c e n t r a l  angle  of f l i g h t  n o t  be between 
1700 and 190°. T h i s  was done because t h e  rate of  change of 
energy and t r a n s i t  p lane  i n c l i n a t i o n  w i t h  r e s p e c t  t o  p lane-  
t a r y  p o s i t i o n  i s  very  h igh  i n  t h e  n e a r  1800 c e n t r a l  angle  
r eg ion .  Thus, small d i s c r e p a n c i e s  i n  p l a n e t a r y  p o s i t i o n ,  
which do appear due t o  t h e  d i f f e r e n t  methods of c a l c u l a t i n g  
p o s i t i o n ,  cause l a r g e  d i s c r e p a n c i e s  i n  energy and i n c l i n a t i o n .  
T h i s  d i f f i c u l t y  i s  no t  f e l t  to be a major drawback, f i r s t ,  
because even though the  va lues  are no t  t h e  same, the  t r e n d s  
are the same i n  a l l  three decks.  Secondly,  t h e  problems occur  
a t  va lues  o f  C3 much h i g h e r  t han  t h o s e  which are p r a c t i c a l l y  
f e a s i b l e .  

T a b l e  2 shows a comparison between these t h r e e  conic  
programs and t h e  J P L  Space T r a j e c t o r i e s  Program which i s  a 
ve ry  accu ra t e  n-body i n t e g r a t i o n  program. The t r a j e c t o r y  
parameters  chosen f o r  comparison g i v e  a n  i n d i c a t i o n  of the  
accuracy  of t h e  conic  programs a t  bo th  t h e  i n j e c t i o n  and 
t e r m i n a l  ends of the t r a j e c t o r y .  The approximate computation 
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times g iven  i n  the c h a r t  i n d i c a t e  the tremendous sav ings  i n  
t i m e  accomplished by u s i n g  conic c a l c u l a t i o n s .  The  t i m e  
p e r  t r i a l  g iven  f o r  t he  i n t e g r a t i n g  deck i s  f o r  a s i n g l e  
t r a j e c t o r y  c a l c u l a t e d  wi th  a g iven  s e t  of i n i t i a l  c o n d i t i o n s .  
Using i n i t i a l  cond i t ions  from one of the con ic  decks,  t h e  
i n t e g r a t i n g  deck w i l l  i s o l a t e  t h e  d e s i r e d  t e r m i n a l  c o n d i t i o n  
i n  about  20 t r ia l s .  If less a c c u r a t e  i n i t i a l  c o n d i t i o n s  are 
used,  more t r ia ls  w i l l  be requi red .  

The graphs of F igures  5 through 17 are examples of t h e  
t y p e  of m a t e r i a l  t h a t  can be produced d i r e c t l y  from t h e  out- 
pu t  o f  t h i s  program. Each of t he  graphs wi th  cons t an t  C, 
curves was drawn us ing  450 p o i n t s  wi th  a t o t a l  computation 
t i m e  on t h e  IBM 7094 of  about 31 seconds.  The minimum C, 
curves  used an  a d d i t i o n a l  84 p o i n t s  and r e q u i r e d  an  a d d i t i o n a l  
16 seconds of computation time. It i s  e s t ima ted  that  i t  would 
r e q u i r e  a t  l eas t  1000 t r a j e c t o r i e s  t o  produce these same curves 
by t h e  o l d  method of i n t e r p o l a t i n g  between p o i n t s  i n  a matrix 
of va lues .  Addi t iona l  computations would a l s o  be r e q u i r e d  to 
perform the i n t e r p o l a t i o n  f o r  cons t an t  va lues  of Cd. It i s  
appa ren t  t hen  that no t  on ly  is the  program more e f f i c i e n t  a t  
s o l v i n g  t h e  b a s i c  i n t e r p l a n e t a r y  t r a n s f e r  problem, bu t ,  
a d d i t i o n a l l y ,  i t  i s  more e f f i c i e n t  a t  solving the o v e r - a l l  
problem of de te rmining  cons tan t  C3 curves because of t he  
new approach to t h e  problem. 

SECTION VI. OTHER USES 

With minimum modif ica t ion ,  t h e  p r i n c i p l e s  used i n  t h i s  
procedure can be used t o  so lve  o t h e r  i n t e r p l a n e t a r y  t r a j e c t o r y  
problems of i n t e r e s t .  For i n t e r p l a n e t a r y  o r b i t i n g  or l and ing  
m i s s i o n s , t o t a l  v e l o c i t y  increment, t h a t  i s ,  i n j e c t i o n  ve loc-  
i t y  p l u s  brak ing  v e l o c i t y  a t  the t a r g e t  p l a n e t ,  i s  of more 
i n t e r e s t  t han  C,. Thus, by c a l c u l a t i n g  t h i s  t o t a l  v e l o c i t y  
and us ing  .it i n  p l a c e  of C,, t he  same procedure can be used 
to g e n e r a t e  minimum and cons tan t  t o t a l  v e l o c i t y  d a t a .  I n  
much the same way, payload mass a t  the  t a r g e t  p l a n e t  can be 
approximated by impulsive c a l c u l a t i o n s  i f  the c h a r a c t e r i s t i c s  
of the  v e h i c l e  system a r e  known. 

Eolnd -t.rLm f ly-by missions and "grand t o u r "  miss ions ,  
where no major propuls ion  i s  used a f t e r  i n j e c t i o n ,  can also 
be handled q u i t e  e a s i l y .  For example, suppose i t  i s  d e s i r a b l e  
t o  f l y  a round- t r ip  f l y - b y  mission to Mars. The f irst  s t e p  i s  
to c a l c u l a t e  minimum energy requirerrleiits roil Ezrth-to-14ax~ 
and f o r  Mars -to-Earth t r a j e c t o r i e s .  Then t h e  c o n s t a n t  C3 range 
f o r  launch  a t  E a r t h  can be chosen and a t r a j e c t o r y  from Ear th-  
to-Mars w i t h  t h e  d e s i r e d  C, can be e s t a b l i s h e d .  N o w  t h e  energy 
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of t h e  Mars centered  conic  at  a r r i v a l  can be determined, 
and t h i s  can be used to c a l c u l a t e  a Mars-to-Earth l e g  wi th  
the same energy, provided t h i s  energy i s  n o t  l e s s . t h a n , t h e  
minimum energy f o r  t h i s  p a r t i c u l a r  Mars passage d a t e .  The 
hyperbol ic  excess  v e l o c i t y  v e c t o r  of approach to Mars i s  
then  r o t a t e d  i n t o  t h e  hype rbo l i c  excess  v e l o c i t y  v e c t o r  of 
depa,rture by c a l c u l a t i n g  t h e  proper  r a d i u s  v e c t o r  f r o m  t h e  
c e n t e r  of Mars to t h e  p e r i c e n t e r  of t h e  Mars cen te red  conic .  
T h i s  same procedure could be used f o r  "grand t o u r "  type  
t r a j e c t o r i e s  except  t h a t  more than  two l e g s  would be involved,  
and t h e  conics would have to be matched a t  each of the  p l a n e t  
passages.  

w i l l  make it very u s e f u l  i n  approximating t r a j e c t o r i e s  for 
any i n t e r p l a n e t a r y  mission,  or, i n  a broader  sense ,  i n  c a l -  
c u l a t i n g  f r e e  f l i g h t  t r a n s f e r  t r a j e c t o r i e s  between any two 
o r b i t s  around any c e n t r a l  body. 

It i s  f e l t  t h a t  t h e  speed and f l e x i b i l i t y  of t h i s  program 
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FIG. 1. PLANETARY TRANSFER GEOMETRY 
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APPENDIX I 
l -  
I 

I -  

T h i s  appendix i s  designed t o  g i v e  a mathematical  t r ea t -  
ment to t h e  material presented  i n  the main r e p o r t .  It i s  n o t  
designed as a complete d e s c r i p t i o n  of the computer program. 
A user's guide t o  be publ ished by the  MSFC, Computation 
Laboratory w i l l  s a t i s f y  t h i s  requirement .  The s i m p l i f i e d  
flow diagram of Figure  A 1  shows t h e  o r d e r  used t o  perform 
t h e  r equ i r ed  c a l c u l a t i o n s .  The c a l c u l a t i o n s  performed i n  
each  b lock  are l i s t e d  i n  t h e  d e s c r i p t i o n s  of t he  subrou t ines  
which follow. 

PLANET POSITION I 

Using d a t e  and the mean conic  e lements  of t h e  p l a n e t s ,  
t h i s  r o u t i n e  c a l c u l a t e s  the p o s i t i o n  of t h e  d e s i r e d  p l a n e t  
and the angu la r  p o s i t i o n  a t  which the o t h e r  p l a n e t  w i l l  be 
a t  t h e  t r a n s i t i o n  between Type I and Type I1 t r a j e c t o r i e s  [ 6 ] .  

M j  = n . ( T  J j - t p j )  O < M < 2 n  - 

E i s  c a l c u l a t e d  by i t e r a t i o n  on the  equa t ion  j 

j = E . - e .  s i n  E 
M j  J J  

= 2 a r c t a n  '\A 1-e; t a n  Ej/2 0 < e .  < 2l-r 
.1 - 

J " 

r = A j  (1-e cos E j )  
j j 

t a n  CY 

k, j ex = w 

PLANET POSITION I1 

Using t h e  t r u e  anomaly of t h e  d e s i r e d  p l a n e t , t h e  mean 
con ic  elements of t h e  p l a n e t s ,  and the d a t e  and p o s i t i o n  of 
7;ne oii ler-  pldiiet, th?13 ;.oztine ~ 2 1 ~ 1 . 1 1  a t e s  t h e  r a d i u s  and d a t e  
of t h e  d e s i r e d  p l a n e t ,  t h e  angu la r  s e p a r a t i o n  of t h e  two 
p l a n e t s ,  and the  f l i g h t  time [6]. 



- I T  
k, j 

Qlk = e k  - w 

Q = arccos  ( cos  ak cos cy + s i n  s i n  CY cos C: ) j j j , k  

'k 

rk s i n  ek r k s i n  e k  Tk - - 1 (arcsin 

j 
DT = Tk - T 

LAMBERT CALCULATION 

Using t h e  p o s i t i o n s  of t h e  two p l a n e t s  and f l i g h t  t ime, 
t h i s  rou t ine  c a l c u l a t e s  t he  r e q u i r e d  t r a n s f e r  e l l i p s e  [2,6] .  

The chord from t h e  launch to a r r i v a l  p o i n t  i s  

S E = - - -  
2a ! 

- 1 < E < O  - - 

where a! i s  a f i r s t  guess  a t  t h e  semi-major axis of t he  
t r a n s f e r  e l l i p s e .  

Normalized time for a p a r a b o l i c  t r a n s f e r  i s  
3 

2 t a  = ;(1 - P K') 
where P = +l i f  ip < 180° and P = -1 if Q > 180~. 
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Normalized required t r a n s f e r  t i m e  i s  

86400 x 
t =  DT 

S* 

and t i m e  f o r  a minimum h e l i o c e n t r i c  energy t r a n s f e r  i s  

I f  t < t b ,  Q = +1; i f  t > t b ,  Q = -1. Then the  desired 
E i s  found by i t e r a t i n g  t h e  so lu t ion  on one of the following 
t ranscendenta l  func t ions  

- P(a rcs in  E - K(~+E K) 1 )  . 
I f  Q > 0 and E > - .2 ,  a series so lu t ion ,  obtained by 
expanding each term i n  a series and adding term by term, 
i s  used. 

N 
t' =E C i ( 1  - P K s+i )Ei-l 

i=1 

The f irst  t e n  coe f f i c i en t s  are 

c, = .66666667 
C, = .lo714286 
Cs = .049715909 
C, = .030078125 
C, = .020671644 

%-e next guess a t  E i s  found by making a l i n e a r  i n t e r p o l a t i o n  
between ( - 1 , t b )  and ( E , t ' ) .  
c u l a t e d  and a d d i t i o n a l  l i n e a r  i n t e r p o l a t i o n s  are made between 
the las t  two ca l cu la t ed  p o i n t s  u n t i l  t' i s  within the  des i r ed  
to l e rance  of t. 

Then a new va lue  of' t' 1s e a l -  
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as 
Then t h e  elements of  t he  t r a n s f e r  e l l i p s e  a r e  c a l c u l a t e d  

fo l lows  

- - -  
2 

1, = 
IT 51 1 1  

2 2  2 

S 

rn s i n  cp 
i, = s i n  

? = v, cos Y 

-j, = V, s i n  i, s i n  Y 

T r q n  - - < - <  
2 - 2 - 5  

r r 5 l . T  
2 - 2 - 2  

- - < - < -  

Tr IT - - < i < -  
2 -  - 2  

z = V, cos i, s i n  y 
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C3 ROUTINE 

Using the v e l o c i t y  of the  probe and t h e  mean conic  
e lements  of t h e  p l a n e t s , t h i s  r o u t i n e  c a l c u l a t e s  the v e l o c i t y  
of t h e  p l a n e t ,  t h e  v e l o c i t y  of t h e  probe wi th  r e s p e c t  t o  t h e  
p l a n e t ,  and t h e  p l a n e t o c e n t r i c  energy of t h e  probe [ 6 ] .  

ve. s i n  e .  
p =  
j PP j 

21 = x  - r 
j 

INTERPOLATION FOR CONSTANT C, 

The s lope  of C, vs B k  i s  checked t o  be 
This  i s  not  a subrout ine  but  i s  inco rpora t ed  i n  t h e  main 

l i n e  o f  t h e  program. 
s u r e  t h e  i n t e r p o l a t i o n  i s  being made for t h e  proper  c l a s s  
t r a j e c t o r y .  Then a l i n e a r  i n t e r p o l a t i o n  between the last  
two p o i n t s  i s  made t o  determine t h e  e k  which w i l l  produce t h e  
d e s i r e d  C,. 

are above t h e  d e s i r e d  value. , the c a l c u l a t e d  change i n  B k  i s  
inc reased  s l i g h t l y  t o  avoid c reeping  on t h e  s o l u t i o n .  

If both  va lues  of C, used for t h e  i n t e r p o l a t i o n  

INTERPOLATION FOR MINIMUM C, 

This  r o u t i n e u s e s  t h r e e  p o i n t s  on t h e  C, V S  e k  curve t o  
i r l ~ t . i ~ p ~ : ~ t ~  f‘sr fhe e. which w i l l  produce t h e  minimum p o i n t  
on t h e  curve [7]. K 

The t h r e e  p o i n t s  used for i n t e r p o l a t i o n  are des igna ted  
by ( ek, J ) J (Gk, J ‘32 ) and ( e  J ‘33 1 9  and are arranged 

k3 
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such that C31( C32 5 C33. 

a transformation of coordinates is made such that the origin 
is at the first point. 

Then to reduce scaling problems 

x , = e  - e  = O  y1 = c31 - c31 = 0 
kl k, 

Y2 = c32 - C3& k, 
x , = e  - e  

k2 

The equation of a parabola through these three points is 

2x -x, 2x 'X, 
Q =  y3= 0 '  dx -x, (x, -x, ) y2 + x3 (x3 -x, ) 

Thus the minimum is at 

x =  XZ2Y3 - X3"YZ 
2(x2Y3 - x3Y2 

and 

EXTRAPOLATION mumm USING LAGRANGE FORMULAS 

Using the last M solutions to the problem,this routine 
extrapolates the first guess on e k  and a for the solution 
to the problem at the next launch date [ T I .  

The values of T., a, Ok are saved in a table and 
.1 

designated as Ti, ai, e . 
ki 

For the second point T j  is incremented and a is set 
equal to a, and ek is set equal to e . 

kl 



. 
If two o r  more p o i n t s  a r e  i n  the table  T is incremented 

j 
and the fo l lowing  formulas a r e  used t o  c a l c u l a t e  f irst  guesses  
f o r  a and O k ,  

M 

i=l 
N = ( T j  - Ti)  

M 

- N 
c R -  DQO 

M 

M 
a = c R  a R  

R=1 

R = l , M  

VELOCITY CALCULATION ROUTINE 

Using t h e  e l l i p t i c a l  elements of the  t r a n s f e r  t r a j e c t o r y ,  
the mean conic  e lements  of the  p l a n e t s  and t h e  o s i t i o n  of 
t h e  a r r i v a l  p l ane t ,  t h i s  r o u t i n e  c a l c u l a t e s  (1 P v e l o c i t y  of 
t h e  probe a t  a r r i v a l ,  ( 2 )  v e l o c i t y  of a r r i v a l  p l a n e t  a t  
a r r i v a l ,  (3) i n c l i n a t i o n  of t r a n s f e r  conic  t o  a r r i v a l  p l a n e t  
con ic ,  ( 4 )  v e l o c i t y  of probe w i t h  r e s p e c t  to a r r i v a l  p l a n e t  
and (5)  energy of t h e  p l a n e t o c e n t r i c  conic  [ 6 ] .  

q e k  s i n  ek  
- 

'k - PP, 

i -  *E s i n  i s i n  a . / s i n  m 
k, J J -  
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vx = 6, - i., 

vY = 6, cos i,- ek 

V2 = ea s i n  i, 

C,A = Vx2+ Vy2+ VZ2 

SUBROUTINE ROTATE 

T h i s  r o u t i n e  r o t a t e s  a v e c t o r  i n  a coord ina te  system 
where t h e  x-axis i s  along r, t h e  z -ax is  i s  pe rpend icu la r  t o  
t h e  p l a n e t ' s  o r b i t a l  plane,  and t h e  y-axis  completes a right--  
handed system i n t o  a coord ina te  system analogous to t h e  
e a r t h ' s  " I n e r t i a l  Ca r t e s i an  E q u a t o r i a l  System. That i s ,  a 
coord ina te  system where the x-axis  i s  i n  t h e  d i r e c t i o n  of 
t he  "vernal  equinox" ( sun  ascending node o f  t h e  p l a n e t ' s  
e q u a t o r i a l  p l a n e ) ,  the  z-axis  i s  pe rpend icu la r  t o  t he  p l a n e t ' s  
e q u a t o r i a l  plane,  and t h e  y-axis completes a r i g h t  handed 
system. After t h e  r o t a t i o n ,  t h e  r o u t i n e  c a l c u l a t e s  the r i g h t  
ascens ion  and d e c l i n a t i o n  f o r  an " I n e r t i a l  S p h e r i c a l  E q u a t o r i a l  

I System" [2]. 

s i n ( e i - T i l ) c o s  e i i  cos(ei-Ti l )cos  e i i  

s i n (  e i - T i  1 ) s i n  e i i  cos ( 8 i - 7 1 1  )cos  e i i  

RLA = a r c t a n  ( y l / x l )  
( RAA 1 

- s i n  e i i  
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